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$\theta$ $0<\theta<T$ . $\theta$ , 3 $\theta$
– $\theta-$ .
, $\cos\theta$
. $\cos\theta$ $\cos\theta=s/r,$ $\mathrm{g}\mathrm{c}\mathrm{d}(r, s)=1,$ $r>0$
$r,$ $s$ – .
$\theta$
$r,$ $s$ , $\alpha_{\theta}\text{ \sqrt{t^{2}-S^{2}}$ . , $\theta$
– 2 . $\theta-$
.
Definition 1.1 $n$ . $\theta-$ $n\alpha_{\theta}$
$n$
$\theta-$ .
$\theta=\pi/2$ $\alpha_{\frac{\pi}{2}}=1$ , $\pi/2-$
. $n$ $\theta-$ , $\alpha$ $n\alpha^{2}$ $\theta-$
. , $\theta$ $0<\theta<\pi,$ $\cos\theta\in \mathbb{Q}$ ,
$n$ , $\mathbb{Q}$
.
$E_{n,\theta}$ $y^{2}=x(x+(\iota’+s)n)(x-(r-s)n)(7$” $S$ $\theta$
) .
Theorem 1.1 (Fujiwara,[2]) $\theta(0<\theta<\pi)$ $\cos\theta$
. $l2$ .
$(\perp)$ $n$ $\theta-$ $E_{n,\theta}$ 2 $\mathbb{Q}-$
.
(2) $\uparrow?\neq 1,2,3,6$ , $n$ $\theta-$ $E_{n,\theta}$ $\mathbb{Q}- ra\uparrow lk\wedge$
.
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Theorem , $E_{n,\theta}$ $\theta-$
. $E_{n,\theta}(\mathbb{Q})$ , 2-
descent $E_{n,\theta}\text{ }$ Tate-Shafarevich 2-tortion
, $p\equiv 5,7,19$ (mod 24) $\frac{\pi}{3}-$ (Fujiwara, [2]),
$p\equiv 7,11,13$ (mod 24) $\frac{2\pi}{3}-$ (Kan,[4]).
, Lemma , $\theta$ $\theta-$
.
Lemma 1.1 $(\mathrm{K}\mathrm{a}\mathrm{n},[4])$ $n$ $\theta-$ , $n$
$pq(p+q)(2rq+p(r-S))$
($p,$ $q$ $\mathrm{g}\mathrm{c}\mathrm{d}(P,$ $q)=1$ )
.
8 5, 6, 7 (
) . Birch-Swinnerton-Dyer
. , $\theta=\frac{\pi}{3},$ $\frac{2\pi}{3}$
Conjecture
(Kan,[4]).
Conjecture 1.1 $n$ . $n$ 24 11, 13, 17 23
, $n$ . $n$ 5, 1.7, 19 23 ).
$n$ $\frac{2\pi}{3}-$ .
, $n$ $p$ $p\equiv 23$ (rnod 24)
$\frac{2\pi}{3}-$ ([4]). , $\frac{\pi}{3}-$
.
Theorem 1.2 $p$ 24 23 , $p$ $\frac{\pi}{3}-$
$\frac{2\pi}{3}.-$ .
2 Heegner points
$N$ $\Gamma_{0}(N)=\{\in SL_{2}(\mathbb{Z})|c\equiv 0$ (mod $\mathrm{N}$ ) $\}$ ,
$\{z\in \mathbb{C}|Im(z)>0\}$ . , $\Gamma_{0}(N)$ *: $=\mathfrak{H}\cup \mathrm{P}^{1}(\mathbb{Q})$
1 . $\Gamma_{0}(N)\backslash \mathfrak{H}^{*}$ Rie-
lnann , $X_{0}(\mathit{1}\mathrm{V})$ .
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$X_{0}(j\mathrm{v})$ 2 $\mathrm{I}/V_{N}$ Atkin-Lehner involution
. , $z\in \mathfrak{H}^{*}$ $z$ $X_{0}(\mathit{1}\mathrm{V})$ $z$ .
$\omega$ 2 , $A\omega^{2}+B\omega+^{c=0,A},$ $B,$ $C\in \mathbb{Z},$ $\mathrm{g}\mathrm{c}\mathrm{d}(A, B, C)=1$ ,
: $\triangle(\omega):=B2-4AC<0$ . , $X_{0}(\mathit{1}\mathrm{V})$ Heegner
point .
Definition 2.1 2 $\omega$ , $\Delta(\omega)=\triangle(\mathit{1}\mathrm{v}_{\omega})$
$\omega$ $X_{0}(N)$ Heegner point .
$\omega$ Heegner point 1 $W_{N}(\omega)$ Heegner point
.
$\mathbb{Q}$ $E$ $X_{0}(N)$ modular parainetrization
. , $\mathbb{Q}$ $X_{0}(\mathit{1}\mathrm{V})$ $E$ $\varphi$ :
$X_{0}(.N)arrow E$ cusp $i\infty$ $E$ $\mathcal{O}$ $=$
, Atkin-Lehner involution $W_{N}$ $|/V_{N}(\varphi(z)):=\varphi(W_{N}(z))$
$E$ . , $E$ even
. , Birch-Swinnerton-Dyer ,




\mbox{\boldmath $\varphi$}(H N $(z)$ ) $=\varphi(0)-\varphi(z)$ .
, $\varphi(0)$ $E^{\mathrm{i}}$ $\mathbb{Q}-$ .
Heegner point $\omega$ , $\varphi$ $\varphi(\omega)$
$E^{4}(\mathbb{Q}(\omega, j(\omega)))$ . , $j$ $X_{0}(1)$
$\mathrm{r}\mathrm{n}o$dular $i- \mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ . $\mathbb{Q}(\omega, j(\omega))$ 2 $\mathbb{Q}(\omega)$ Galois
, $z=\omega,$ $W_{N}(\omega)$
$P(z):= \sum_{\sigma\in G}\varphi(z)^{\sigma}$
. $C_{7}:=\mathrm{c}_{\mathrm{a}}1(\mathbb{Q}(\omega,j(\omega))/\mathbb{Q}(\omega))$ . $P(\omega)$ $E(\mathbb{Q}(\omega))$
. , $\overline{P}$ $P$
P(W N $(\omega)$ ) $=\overline{P(\omega)}$





, $E^{4}$ , $\mathbb{Q}(\omega)-$
. $\omega$ “ ” (twist)
$\mathbb{Q}-$ . ,
Theorem 2.1 (Birch,[1]) $E$ $X_{0}(N)$ modular parametrization
even . $\varphi(0)$ $E(\mathbb{Q})$ 2 , $p$
p $4N$ , $E$ $(-p)-twiStE(-_{\mathrm{P})}$
.
$E$ : $y^{2}=x^{3}+ax^{2}+bx+c$ n-twist $E^{(n)}$ $ny^{2}=$
$x^{3}+ax^{2}+bx+c$ , $\mathbb{Q}(\sqrt{t\mathrm{t}})$ $E^{i}$ . $E_{p,\frac{2\pi}{3}}$
$E_{1}^{(-p)} \dagger,\frac{\pi}{3}$ , $E_{p,\frac{\pi}{3}}^{\mathrm{i}}$ $E_{1,\frac{2\pi \mathrm{p}}{3}}^{\mathrm{a}}(-)$ $\mathbb{Q}$ . $\mathbb{Q}$
– , Ep $E_{1,\frac{\pi}{3}}$ , $E_{\mathrm{P}_{\mathrm{c}}^{\underline{\pi}}},$, $E_{1,\frac{2\pi}{3}}$
$(-p)-\mathrm{t}\mathrm{w}\mathrm{i}_{\mathrm{S}\mathrm{t}}$ .
3 Modular parametrizations
$E_{1,\frac{\pi}{3}}$ $E_{1,\frac{2\pi}{3}}$ conductor 24, 48 , $X_{0}(24)$ ,
$X_{0}(48)$ (modular parametrization) .
lnodular parametrization
. $\varphi$ evenness $\varphi(0)$
.
Proposition 3.1 $X_{\mathit{0}}(24)$ $E_{1,\frac{\pi}{3}}$ $Y^{2}=X^{4}-22X^{2}-$














$x$ $=$ $\frac{X^{4}+1-Y}{2X^{2}}$ ,
$y$ $=$
$\frac{(X-1)(x+1)(x^{4}+1-Y)}{2X^{3}}$ .
$\varphi(i\infty)=\mathcal{O},$ $\varphi(0)=(3,0)$ $E_{1,\frac{2\pi}{3}}(\mathbb{Q})$ 2 .
Proof. Yamamoto ([5]) $E_{1,\frac{\pi}{3}},$ $E_{1,\frac{2\pi}{3}}$
$x,$ $y$ modular funciton $i\infty$
. canonical system, canonical pararneter [5]
. , $E_{1,\frac{\pi}{3}},$ $E_{1,\frac{2\pi}{3}}$ $\mathbb{Q}$ minimal model
canonical systein . miniinal model $v^{2}=u^{3}-u-24u+4$
$E_{1,\frac{\pi}{3}}(y^{2}=x(x+1)(x-3))$ $\mathbb{Q}$
canonical systein :
$u$ $=$ $\frac{1}{q^{2}}+1+2q^{2}+q^{6}-2q-2q+21418+q^{22}4q^{2}+36q30_{-}\ldots$ ,
$v$ $=$ $\frac{1}{q^{i3}}+\frac{1}{q}+q+3q+q+3\mathrm{s}2q+q-792q^{11}-q^{13}-\iota r_{)}q^{1}-5\ldots$
$q$ canonical parameter . $q=exp(2\pi i_{Z})$ . ,
$x=u-1,$ $y=v$ . $x,$ $y$ $X_{0}(24)$
lnodular function $i\infty$ ;
$x$ $=$ $\frac{1}{q^{2}}+2q^{2}+q^{6}-2q-2q+14182q^{22}+4q^{2}+36q30_{-}\ldots$ ,
$y$ $=$ $\frac{1}{q\backslash }.,$ $+ \frac{1}{q}+q+3q+q^{\mathrm{s}}3+2q+q-92q711-q-135q-15:$ . . .
, $E_{1,\frac{2\pi}{\mathrm{c}3}}$ , $x,$ $y$ $x_{0}(48)$ lnodular function
$i\infty$ ;
$x$ $=$ $\frac{1}{(\mathit{1}^{2}}+2q^{2}+q^{6}-2q-214182q+q+422q+326q30_{-}\ldots$ ,
$y$ $=$ $\frac{1}{q^{3}}-\frac{1}{q}+q-3q+q^{5}-23\overline{\prime}+qq+2911-q^{1}+5qq^{15}+3\ldots$ .
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, $X_{0}(24),$ $d\mathrm{Y}_{0}(48)$ $X,$ $\iota\nearrow$ $i\infty$
(Hibino, [3]). $d\mathrm{Y}_{0}(24)$
,
$X$ $=$ $\frac{1}{q}+4q+6q^{2}+11q^{3}+18q^{4}+28q^{5}+42q^{6}+62q^{7}+\cdots$ ,
$Y$ $=$ $\frac{1}{q^{2}}-3+12q-34q-284q^{3}-180q^{4}-360q^{5}-683q^{6}$ – ,
$X_{0}(48)$ ,
$X$ $=$ $\frac{1}{q}-q^{3}+2q^{7}-2q^{1}+3115-q4q+51923-q7q^{27}+\cdots$ ,
$Y$ $=$ $- \frac{1}{q^{4}}-3+10q^{4}-36q^{8}+83q^{1\mathrm{z}_{-1}}80q^{16}-360q^{20}-\cdots$ .
, , $x,$ $y$ $x,$ $\iota\nearrow$ , Propo-
sition 3.1 .
, $X_{0}(24),$ $x_{0}(48)$ Atkin-Lehner
involution , cusp [3]
. $W_{N}$ $\mathbb{Q}(X_{0}(N))$ $W_{N}^{*}$ , ,
$\mathbb{Q}(X_{\mathrm{o}(\mathit{1}}\mathrm{v}))$ $\mathbb{Q}$ $X_{0}(N)$ . $x_{\mathit{0}}(24)$ ,
$W_{24}^{*}$ $X,$ $Y$ $\mathrm{w}r_{2^{*}4}x=X,$ $|/V_{2^{*}}Y4=-Y$ . , $x,$ $y$
;
$\nu V_{24}^{*}X$ $=$ $\frac{X^{2}-5-Y}{2}=3+12q+\cdots$ ,
$\nu \mathrm{I}_{2^{*}}^{r}/y4$ $=$ $.. \frac{X^{3}-11X-12-X]’}{2}.\cdot=6+36q+\cdots$ .
, ;
$\varphi(0)$ $=$ $(x(\mathrm{O}), y(\mathrm{O}))=(x(\mathrm{M}\gamma_{24}(i\infty)), y(|/V_{24}(i\infty)))$
$=$ $(|/|\nearrow_{2}^{*}(4^{X})i\infty, \nu V_{24}^{*}.y(i\infty))=(3,6)$ .
$(3, 6)$ $2E_{1,\frac{\pi}{\gamma}(}^{4}.\mathbb{Q}$ ) , , $E_{1,\frac{\pi}{3}}$ 2
.
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, $z\mathrm{Y}_{0}(48)$ $|/V_{4^{*}8}X=(X+1)/(X-\iota),$ $\mathrm{I}/V_{48}^{*}Y=4Y/(x-1)^{4}$
. , $x,$ $y$
$|/\mathfrak{s},\gamma X4^{*}8$ $=$ $\frac{X^{4}+6x^{2}+1-2Y}{(X-1)^{2}(X+1)^{2}}.\cdot=3+12q^{2}+\cdots$ ,
$|/|^{r_{48}}\prime y*$ $=$ $\frac{4X(X4+6x2+1-.21\nearrow)}{(X-1)\backslash 3(X+1)\backslash }.,=12q+60_{q^{3}}+\cdots$ .
, $\varphi(0)=(x(0), y(0))=(x(\nu V48(\prime i\infty)), y(|/V_{48}(i\infty)))=(W_{4}^{*}x8(i\infty)$ ,
$|/V_{4^{*}}\mathcal{U}(8i\infty))=(3,0)$ , $(3, 0)$ $E_{1,\frac{2\pi}{3}}^{\mathrm{i}}$ 2 .
$P,roof\cdot$ of theo$r^{\mathrm{Y}}e_{y}m1.2$ . Proposition 3.1 , $E_{1,\frac{\pi}{3}},$ $E_{1,\frac{2\pi}{3}}$ The-
orem 2.1 . - , $N=24,48$ , $P$
$-p$ $4N$ $p\equiv 23(1\mathrm{n}\mathrm{o}\mathrm{d}24)$
. , $p\equiv 23(\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{d}24)$ $E_{1,\frac{\pi}{3}},$ $E_{1,\frac{2\pi}{3}}$ Birch
, $(-p)- \mathrm{t}\mathrm{W}\mathrm{i}\mathrm{s}\mathrm{t}E_{P^{\frac{2\pi}{3}}},’ E_{p,\frac{\pi}{3}}^{i}$ ,
$\mathbb{Q}-$ .
Example 3.1 23 $2\pi/3-$ . 23 $\sqrt{3}$ $\frac{14}{5},$ $\frac{230}{7}$ , $\ovalbox{\tt\small REJECT}$
3 $2\pi/3-$ .
$2039\sqrt{3}$‘ $. \cdot\frac{89133\subset_{31107}\mathrm{J}8695\overline{/}\backslash 34\overline{/}3198}{\overline{/}0_{\backslash }31144i;2715601\mathrm{s}\mathrm{o}01179}r.\frac{2867300\circ \mathrm{s}\backslash 6\{^{\neg}\supset 14222\mathfrak{c}\mathrm{J}1\overline{\prime}480\overline{\prime}962}{445669c)\mathrm{s}55\mathrm{c}39_{\backslash }34786736599}.$ ,
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